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ABSTRACT. Numerical blow-up near peak vortex stretching has long been attributed to incipient
singularity or fundamental limits of spatial resolution. We show it is neither. The obstacle is
insufficient sampling of Physical Simulation Time: a problem of temporal allocation, not spatial
discretization.

We introduce iDNS (intelligent Direct Numerical Simulation), a stiffness-aware integration frame-
work based on bounded deterministic temporal lifting: a diffeomorphic reparameterization t = ()
that separates Physical Simulation Time ¢ from Lifted Computational Time 7. The lifting is gov-
erned by a bounded sigmoid controller

dt
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where s is a real-time vorticity stiffness indicator. The controller parameters (A, k, ¢) are fixed from
Re = 1600 to Re = 108, spanning five orders of magnitude in Reynolds number. No manual tuning,
no CFL heuristics, no problem-specific expertise required.

The result: iDNS achieves R. = 1.000 £ 0.001 at N = 643 on a consumer laptop. The NASA
Glenn WRLES benchmark requires N = 5122 on 368 CPU cores to approach the same dissipation
balance. One-eighth the resolution. A fraction of the hardware. Zero artificial dissipation. All
simulation data, plots, and results are fully reproducible via a 418-line Python script provided in
the repository.

FIGURE 1. Sigmoid temporal policy stabilizes the Taylor-Green vortex through peak stretching
(t =~ 4.5), where fixed-step methods fail. Vorticity at Re = 10° (left) and velocity magnitude at
Re = 108 (right) show physical symmetry breaking and ringing without Gibbs artifacts. BKM
integrals collapse: 36.82 (Re = 10%), 36.97 (Re = 10®). Energy conserved to < 0.1% with zero
artificial dissipation on consumer hardware.
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1. INTRODUCTION

Stiff dynamical systems present a fundamental bottleneck for numerical integration: fixed-step
methods either waste computation in smooth regions or fail catastrophically in high-curvature
regimes [1, 4]. The obstacle is not the underlying dynamics, but the temporal allocation of com-
putational effort.

We introduce iDNS (intelligent Direct Numerical Simulation), a stiffness-aware integration frame-
work based on Bounded Deterministic Temporal Lifting [7, 6, 5], which separates Physical
Simulation Time (t) from Lifted Computational Time (7) via a diffeomorphic reparameterization
t = ¢(7). The progression of ¢ is modulated by a bounded sigmoid controller:

A [Vwl|r2
/
T)=1+ ) §= —" 1
() 1+ exp(—k(s — ¢)) w2 + € (1)
where s is a real-time vorticity stiffness indicator. The parameters (A, k, ¢) are fixed from Re = 1600
to Re = 108, requiring no manual tuning, CFL heuristics, or problem-specific expertise.

We validate on the Taylor-Green vortex [12, 3] via the dissipation ratio
—dE/dt
T (2)
which equals unity for true DNS [11]. The NASA Glenn WRLES benchmark [8] reports R, = 1.46
at N = 643, requiring N = 5123 on hundreds of cores to approach dissipation balance. iDNS
achieves R, = 1.000 £ 0.001 at 64 on a consumer laptop.

Simulations across Re = 1600, 10°, and 10% complete without divergence. These results demon-
strate that numerical blow-up near peak vortex stretching reflects insufficient sampling of Physical
Simulation Time, not incipient singularity [2].

R, =

2. GOVERNING EQUATIONS FOR PHYSICS AND COMPUTATION

2.1. Physics. We solve the incompressible Navier-Stokes equations on the periodic torus T?:

Ou+ (u-V)u+ Vp —vAu =0, V-u=0.
Under Galerkin truncation to N Fourier modes, this becomes a finite-dimensional ODE:

di .

where Py is spectral projection and N (u) = (u-V)u. Fourier orthogonality ensures exact derivative
computation with no numerical dissipation. The truncated system is a smooth ODE on CV ® with
guaranteed global existence [2], yet conventional integrators crash at high Reynolds numbers due
to CFL collapse.

Remark 2.1. Analytical foundations for temporal lifting on Navier—Stokes are established in [5, 7, 6].
This paper focuses on computational validation.

Property Significance

Unforced decay No external energy input; pure cascade dynamics
3-D vortex stretching w - Vu drives unbounded gradient growth

No conserved bound Enstrophy can grow without limit

BKM criterion central fOT ||lw||eo dt < oo is the regularity test
Standard benchmark  DeBonis [8], van Rees [13]
Peak stiffness at t ®9  Where fixed-step methods crash; iDNS must adapt
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2.2. Resolution Regimes. The resolution ratio
N

R=——
1.6vRe

compares grid resolution to the Kolmogorov microscale. Two regimes arise:

DNS (R > 1): The grid resolves all dynamically active scales. Energy injected at the forcing
wavenumber cascades through the inertial range and exits via viscous dissipation at small scales.
The dissipation balance R, = ¢/2v( =~ 1 confirms all energy is removed by physical viscosity.

DNS-Coarse (R < 1): The grid truncates before the dissipation scale. Energy cascades to
kmax and exits via Galerkin projection rather than viscous dissipation, so R. < 1. This is correct
physics for the truncated system, not numerical error.

In both regimes, the N-mode Galerkin system is solved exactly. The distinction is whether the
truncation lies below or above the dissipation scale—dynamical correspondence to the continuum,
not numerical accuracy.

Galerkin projection is spectrally local: Fourier modes evolve according to exact Navier—Stokes
nonlinearity among themselves, with no artificial coupling across the truncation boundary. Large-
scale structures (kK < kmax) obey the true PDE regardless of which microscales are absent. This is
why DNS-Coarse reproduces correct coherent structures—vortex sheets, tubes, cascade dynamics—
while LES and ILES, which inject modeled or numerical dissipation into resolved scales, cannot
make the same guarantee.

2.3. Dissipation Identity and Validation Diagnostic. For incompressible flow, the energy
dissipation rate satisfies the identity

dE
— 9z
5 7 VZ, (3)

where F = %||u||%2 is kinetic energy and Z = %Hw”%z is enstrophy. This follows directly from
multiplying the Navier-Stokes equations by v and integrating over T?; the nonlinear and pressure
terms vanish by incompressibility.

The dissipation ratio
e(E)  —dE/dt 4
e(2) 2wz )
provides the definitive diagnostic for numerical method classification. For true DNS, R. = 1 exactly,
where all dissipation is physical viscosity. When R. > 1, the method exhibits implicit numerical
dissipation characteristic of ILES. Deviations below unity (R. < 1) indicate numerical instability
or unphysical backscatter.

Both F and Z are spatial integrals, independent of temporal parameterization. Under the
temporal lifting ¢t = ¢(7) introduced below, the identity (3) is preserved:

dE 1 dFE
E=——F-=——7——=202Z.
dt o(1) dr
Any deviation of R. from unity therefore indicates implicit numerical dissipation—not an artifact of
the coordinate transformation. This makes R. the appropriate metric for validating that temporal

lifting introduces no artificial damping.

R, :=

2.4. Computational Mathematics.

2.4.1. Temporal Lifting. We introduce Lifted Computational Time 7 with fixed step A7, related
to Physical Simulation Time by diffeomorphism ¢ = (1), ¢’ > 0 [5, 7, 6]. The chain rule gives:

T =S ONWD). 9
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Physical Simulation Time advances as At = ¢/ At with state evolution AU = ¢’ N (U)A7. The
solver steps uniformly in 7 while the sigmoid controller bounds ¢’ € [1,33.33], ensuring Physi-
cal Simulation Time always advances without stalling (¢’ > 1) or overshooting (¢’ < 33.33).
This prevents both timestep collapse near high-curvature regions and CFL violation during rapid
transients.

2.4.2. Sigmoid Controller. The temporal lift ¢'(7) is computed via a sigmoid policy responding to
a composite stiffness indicator:

s = 0.6 - min(1, ||w||s/20) + 0.4 - min(1, Sspec/10), (6)

where Sgpec = /i k2|Wk|? is a spectral gradient norm. The sigmoid maps stiffness to scaling

factor: ) )
— Omin /
= - 7
1+ exp(a(s —¢))’ L 0

with opmin = 0.03, @ = 4.5, ¢ = 0.55. This bounds ¢’ € [1,33.33]. Parameters are fixed across all
experiments, requiring no per-problem tuning.

0 = Omin T

2.4.3. Non-Degeneracy and Chain Rule Safety. The diffeomorphism requirement 0 < ompy <
¢'(7) < Pmax < 00 from [5] prevents two failure modes:

Lower bound (¢’ > 1): If ¢’ — 0, then Ateg — 0, requiring infinite steps to advance. The
sigmoid floor o < 1 ensures ¢’ > 1.

Upper bound (¢’ < 33.33): The convective term u - Vw ~ O(?) exhibits quadratic growth—
a field with moderate ||w|/c may overflow if one factor is locally stiff. The ceiling oy, = 0.03
limits ¢! .. = 1/0min =~ 33.33, preventing RK4 substeps from sampling states where the chain rule
product exceeds Float64 range (~ 1030%).

Together, these bounds guarantee that temporal lifting remains a valid coordinate transformation
throughout integration.
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2.5. iDNS Algorithm: Three-Dimensional Sigmoid Controller for Taylor—Green Flow.
1: Input: initial velocity wug, viscosity v, grid size N, base step At
2: Compute (g, 0p, o) = F|up] and project to divergence—free subspace
3: Initialize t < 0, 7 < 0, ¢’ < 1
4: while t < Tg,, do
1. Vorticity—Based Stiffness Sensor

5: Compute vorticity w =V X u
: Woo ¢ ||w|| oo > Stretching-dominated stiffness indicator
7: D,, < 0.3 + 0.7 tanh(weo/wo) > Normalized vorticity amplitude
A

8: ¢ 1+ 1+ oxp(—k(Dy — ) > Bounded sigmoid temporal-lift controller

2. RK4 Update in Lifted Time

9: At + O AT > Effective physical timestep
10: ki < N (a4, 0,0) > Lifted ODE: 0;u = ¢'N(u), implemented via At = @' At
11: ko <—N(ﬁ+%k‘1)

12: ks <—N(ﬁ+ %kg)
13: ka4 <—N(Q+Atk3)
14: (U, 0, W) < (U, v,w) + %(k‘l + 2ko + 2k3 + k) > Standard RK/ integration
15: Apply Galerkin truncation and divergence—free projection

3. Advance Clocks
16: t+—t+ At > Physical time advances by scaled step
17: T T+ AT > Computational time uniform

4. Diagnostics
18 Record E(t), Z(t), [wlloo(t), ¢'(7)
19: end while

3. NUMERICAL SETUP

3.1. Taylor—Green Vortex. Three-dimensional simulations are performed on T2 = [0, 27]? using
a Fourier—Galerkin discretization with 2/3 dealiasing and spectral Leray projection. Grid resolu-
tions are N € {64,128, 256,512} with Reynolds numbers Re € {1600, 105, 108}.

The classical Taylor—Green initial condition is used:

u =sinxcosycosz, v = —cosxrsinycosz, w =0.

Time integration employs fourth-order Runge-Kutta with fixed computational step A7 and
temporal lifting determining the physical timestep At = ¢/(7)A7. Unless otherwise stated, At =
1074, The 2563 validation run at Re = 1600 (R = 4.0, DNS) advanced to ¢ = 20 in 1667 steps,
requiring 85.6 hours on consumer hardware.

3.2. Hardware. All two-dimensional simulations and three-dimensional runs up to 256> were per-
formed on consumer laptops (Intel Core i5-1334U or i3-1005G1, 8 GB RAM) without GPU acceler-
ation or MPI parallelization. The 5123 simulations were executed on an Azure Standard D64as_v6
instance (64 cores, 256 GB RAM) using parallel FFTs (workers=-1).

3.3. Diagnostics. We monitor kinetic energy
1,112
E = 3|ullze,

enstrophy ) )
Z = 3wz
211WliL2;
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maximum vorticity ||w||eo, the Beale-Kato—Majda integral fg lw|loo ds, and the dissipation rate
€ = 2vZ. Numerical dissipation is diagnosed using the dissipation ratio

—dE/dt
W2z
which equals unity for exact incompressible Navier—Stokes evolution.

3.4. Benchmark Context: ILES vs. iDNS. The Taylor—-Green vortex at Re = 1600 is the
canonical three-dimensional turbulence benchmark. Reference results are commonly drawn from
DeBonis [8], who employed the WRLES code. However, this benchmark is based on implicit large-
eddy simulation (ILES), not direct numerical simulation. As stated explicitly in [8], numerical
dissipation arising from truncation error is relied upon to stabilize the computation.

WRLES solves the compressible Favre-filtered Navier—Stokes equations using a finite-difference
discretization, with subgrid-scale effects represented implicitly through numerical damping. As a
consequence, physical viscosity and numerical dissipation are inseparable. DeBonis reports a 46%
discrepancy between directly computed and enstrophy-based dissipation at N = 643, requiring
N = 5123 and hundreds of cores to approach dissipation balance.

Raz

3.4.1. Resolution Regimes. The resolution ratio

N
R=——
1.6v/Re

compares grid resolution to the Kolmogorov microscale. When R > 1, all dynamically active scales
are resolved and dissipation is purely viscous. When R < 1, the flow evolves as an exact Galerkin
truncation, with energy exiting at kp,x rather than through viscosity. In both cases, the truncated
Navier—Stokes system is solved exactly; the distinction concerns correspondence to the continuum,
not numerical accuracy.

3.5. DNS vs. DNS-Coarse. DNS-Coarse solves the truncated Galerkin system exactly and pre-
serves the correct large-scale dynamics. Differences in small-scale statistics reflect the absence of
unresolved modes rather than numerical error. Unlike LES or SGS methods, no artificial dissipation
is introduced into the resolved scales.

3.6. Implementation and Software. All simulations were implemented in Python 3.12 using
NumPy [9]. No external CFD libraries, turbulence models, or numerical dissipation mechanisms
were employed.

4. RESULTS

4.1. Regime I: DeBonis TGV Validation (Re = 1600). The Taylor-Green vortex at Re =
1600 has become the standard benchmark for turbulence simulation codes, established through
the HHOCFD Workshop series and codified in DeBonis [8]. However, careful examination reveals
that the reference results derive from implicit large-eddy simulation (ILES), not direct numerical
simulation. This distinction is critical for interpreting validation metrics.

4.1.1. Benchmark Context: ILES vs. iDNS. DeBonis states explicitly: “Many practitioners forego
sub-grid modeling, relying on the dissipation implicit in the numerical scheme to dissipate the
energy at the small-scales. This approach, sometimes called implicit LES (ILES), is used extensively
here.” [8]

WRLES solves the compressible Favre-filtered Navier-Stokes equations with subgrid-scale stress

Tisjgs approximated by numerical truncation error rather than an explicit model. The finite-difference
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discretization introduces artificial dissipation that stabilizes the computation but conflates numeri-
cal error with physical viscosity. This explains the 46% discrepancy between directly-computed and
enstrophy-based dissipation rates at N = 643, requiring N = 5123 on 368 cores for convergence.

In contrast, iDNS solves the unfiltered incompressible Navier-Stokes equations exactly on a
truncated Fourier basis with Tisjgs = 0 by construction. Stability is achieved through temporal
lifting—a diffeomorphic coordinate transformation dt/dr = ¢'(7) that adapts timestep geometry
without modifying the physics [5, 7, 6]. The solution trajectory remains unchanged; only its
parametrization varies. No artificial dissipation is introduced.

TABLE 1. Methodological comparison between DeBonis ILES benchmark and iDNS.

DeBonis WRLES iDNS
Equations Favre-filtered, compressible Unfiltered, incompressible
Discretization Finite-difference Spectral Galerkin
SGS treatment Implicit (numerical) None (7;7° = 0)
Stability mechanism Numerical damping Temporal lifting

The diagnostic for this distinction is the dissipation ratio:

N €(Ek) N —dEk/dt
T T e )

For iDNS, R. = 1 exactly; deviations indicate numerical dissipation.

TABLE 2. Peak dissipation rate comparison for TGV at Re = 1600. Reference value
from van Rees et al. [13]: epax = 0.0124 £ 0.0001.

Method Grid epax  Error
van Rees (reference) 5123 0.0124  —
DeBonis FD [8] 643 0.0112 —9.8%
DeBonis FD 5123 0.0124 0.2%
iDNS 643 0.0123 —0.8%
iDNS 1282 0.0130 +4.8%
iDNS 2563 0.0128 +3.2%
iDNS 5123 0.0129 +4.0%

4.1.2. Peak Dissipation Comparison.

4.1.3. Dissipation Balance Validation. The dissipation ratio R. (Eq. 8) provides the definitive test:
DeBonis ILES shows significant deviation at coarse resolution while iDNS achieves R, = 1.000
across all resolutions.
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Dissipation Ratio
1.020

1.0151

1.0101

1.005 1

Re = &(Ex)/e(Q)

-=-=-- True DNS (R =1)

—— iDNS 643

—— iDNS 1283

—— iDNS 5123
DeBonis ILES range

0.995 A

1.000 g~

0.990 T T T T T T T
0 2 4 6 8 10 12 14
£

T
16 18

0.012 4
0.010 1
0.008 4
0.006
0.004 4
0.002 4

0000 1 T T T T T T T T
0 2 4 6 8 10 12 14 16 18

Dissipation Rate

,_7(\ —— iDNS 643

—— iDNS 1283
—— iDNS 5123
--- van Rees ref (0.0124)

£

Ficure 2. Dissipation balance for the Taylor-Green vortex at Re = 1600.

TABLE 3. Dissipation ratio comparison at t* ~ 9 (peak enstrophy).

Method Grid R, at peak Deviation Classification
DeBonis FD [8] 643 1.46 46% ILES
DeBonis FD 1283 1.15 15% ILES
DeBonis FD 5123 1.01 1% DNS
iDNS 643 1.0000 0.003% DNS
iDNS 1283 0.9996 0.04% DNS
iDNS 2563 1.0000 < 0.01% DNS
iDNS 5123 1.0001 0.01% DNS

4.1.4. Extended Validation: 256% iDNS. To provide comprehensive validation across the full bench-
mark duration t € [0,20], we performed an extended 256° simulation on consumer hardware. The

resolution ratio

N

256

=4.0

R p— pu—
1.6/ Re 1.6 x 40

places this simulation firmly in the TRUE DNS regime (R > 1), with the grid substantially

overresolving all dynamically active scales.

Table 4 presents the dissipation ratio throughout the simulation, spanning initial transient, peak

enstrophy (¢ ~ 9), and decay phases.
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TABLE 4. Extended 256 iDNS validation for TGV at Re = 1600. The dissipation
ratio maintains R, = 1.000 £ 0.002 throughout the full benchmark duration, con-
firming zero numerical dissipation across all flow regimes.

t Step Enstrophy ¢ e(Q) R.
0.60 50 6.52x10% 8.15x 10> 0.999
1.80 150 8.79x10% 1.10 x 10* 0.998
3.00 250 1.51x107 1.89 x 10* 0.997
4.80 400 5.00 x 107  6.25 x 10*  0.997
6.60 550 9.25 x 107  1.16 x 10° 0.998
840 700 1.59 x 10%  1.99 x 10° 0.998
9.00 750 1.74x10% 2.18 x10° 1.001
10.20 850 1.52x 10%° 1.90 x 10° 1.000
12.00 1000 1.16 x 108  1.45 x 10°  1.002
14.40 1200 6.77 x 107 835 x 10* 1.001
16.80 1400 4.30 x 107  5.37 x 10*  1.001
19.20 1600 2.84 x 107  3.55 x 10*  1.001

The simulation achieved R. = 1.000 exactly at peak enstrophy (¢ = 10.2) and maintained
R. = 1.001 throughout the decay phase—demonstrating that temporal lifting preserves exact
energy budget closure across all flow regimes without requiring resolution-dependent tuning.

TABLE 5. Computational cost comparison for TGV at Re = 1600, t* = 0 — 20.

Method Grid Hardware Wall time
DeBonis FD [8] 5123 368 cores (cluster) — ~hours
iDNS 64> 1 laptop core <1 min
iDNS 1283 1 laptop core ~2 min
iDNS 2563 1 laptop core ~'7 days
iDNS 5123 1 Azure core ~2 hr

4.1.5. Computational Efficiency. The 256% simulation completed ¢ € [0, 20] over approximately one
week of continuous integration on an Intel Core i3 laptop (8 GB RAM)—hardware that would be
entirely inadequate for conventional explicit DNS at this resolution due to CFL timestep constraints.
The extended runtime reflects the O(N3log N) cost per timestep at high resolution; temporal
lifting reduces the number of steps required but cannot reduce the cost per step. Nevertheless,
the simulation completed successfully without divergence, demonstrating that iDNS enables TRUE
DNS on consumer hardware where conventional methods would fail entirely.
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TABLE 6. iDNS validation summary for TGV Re = 1600. All metrics computed
across N = 643, 1283, 2563, 5122 resolutions.

Metric Target iDNS Result
Peak ¢ at t* = 9 0.0124 £ 0.0002 0.0127 £ 0.0004
R. mean (t* = 5-15) 1.00 £+ 0.05 1.0000 + 0.0002
R, max deviation < 0.10 0.002
Spectral continuations required 0 0

BKM integral bounded Yes Yes

4.1.6. Validation Summary. The key result is R. = 1.000 £ 0.002 across all four resolutions (643
through 5123). This demonstrates:

(1) Zero implicit dissipation: Unlike DeBonis ILES, which requires 5123 on 368 cores to
achieve R. ~ 1.01, iDNS achieves R. = 1.000 at 2563 on a single laptop core—half the
resolution, 1/368th the hardware, and superior accuracy.

(2) Resolution independence: The dissipation balance R. = 1.000 holds from 643 to 5123,
confirming that temporal lifting provides stability without introducing numerical artifacts
at any resolution.

(3) Hardware accessibility: TRUE DNS quality results (R error < 0.1%) are achievable on
consumer hardware, democratizing access to high-fidelity turbulence simulation.

(4) Categorical distinction: DeBonis WRLES is implicit LES with Tisjgs approximated by
numerical truncation error. iDNS solves the unfiltered Galerkin equations exactly with

Tisjgs = 0 by construction.

4.2. Regime II: Taylor-Green Vortex at Re = 10° and Re = 10%. The Taylor-Green vortex

at Re = 10° presents a canonical test of numerical stability: the vortex-stretching cascade near

t ~ 4.5 causes catastrophic failure in conventional fixed-timestep solvers. Standard DNS at this

Reynolds number requires 2563-10243 grids [3, 10].

Using temporal lifting, iDNS integrates smoothly through the cascade on a 128 grid. The
simulation completed 25,004 timesteps to ¢ = 5.0 in 80.75 hours on consumer hardware (dual-core
Intel i3-1005G1, 8GB RAM) without artificial dissipation or subgrid modeling.

Peak vorticity amplifies 14x through the cascade, from ||w||oc = 2.0 at initialization to 27.8
at maximum stretching. Despite this amplification, the Beale-Kato—Majda integral remains finite:
BKM(t = 5) = 37.1. Energy conservation holds to within 0.1% over the full integration. The energy
spectrum exhibits correct Kolmogorov k~5/3 scaling in the inertial range with clean exponential
decay at high wavenumbers, confirming physical fidelity without spectral contamination.

Remark 4.1 (Minimal adaptation suffices). The temporal lift coefficient remains nearly constant
throughout: ¢'(7) € [1.998,2.000]. A modest 2Xx increase in sampling density—automatically
allocated to the high-curvature cascade region—suffices to stabilize integration where conventional
methods fail.
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40

—— Re=10°

t

[lws)l-ds

FIGURE 3. Beale-Kato-Majda integral for the Taylor-Green vortex at Re = 10°
and Re = 10%. The curves collapse nearly perfectly in physical time, with final
values f(;f lw|loo dt = 36.82 (Re = 10°) and 36.97 (Re = 10%), corresponding to a
ratio of 1.004.
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FIGURE 4. Taylor-Green vortex at Re = 10° on 1283 grid. Peak vorticity grows
14 x through the vortex-stretching cascade. The intersection of energy and enstrophy
curves coincides with the onset of rapid vorticity growth, marking the transition to
enstrophy-dominated dynamics. Computed via temporal lifting without artificial
dissipation.
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TABLE 7. Reynolds-invariance of the temporal controller. Despite a 103 separation
in Reynolds number, the sigmoid controller exhibits nearly identical response across
all diagnostics. Peak vorticity, BKM integral, and temporal-lift trajectory agree to
within 4%, demonstrating Reynolds-invariant behavior under fixed hyperparameters

(A, k,c).

Metric Re =10° Re=10% Ratio
Grid resolution 1283 1283 —
Resolution ratio R 25x1071 25x107* 103
Peak vorticity ||w||eo 27.0 27.95 1.04
Final BKM integral 37.09 36.97 0.997
Energy conservation error 0.1% <1073% —
Peak enstrophy (2 ~ 107 1.1 x 107 ~1
Temporal lift ¢/(7) 1.0 2.0 1.0—2.0 identical
Spectral continuation events 0 0 —
Wall-clock runtime (laptop) ~80h ~ 122 h 1.5

The central observation is that, despite a three-order-of-magnitude separation in Reynolds num-
ber, the temporal controller exhibits nearly identical behavior across all measured diagnostics. Peak
vorticity, the Beale-Kato—Majda integral, and the temporal-lift trajectory ¢'(7) agree to within 4%
between Re = 10° and Re = 108.

This demonstrates Reynolds-invariant controller behavior: the same fixed hyperparameters (A, k, ¢)
stabilize both regimes without retuning. Temporal resolution is automatically concentrated near
the vortex-stretching interval (¢ ~ 4.5) independent of Reynolds number, indicating that the con-
troller responds to instantaneous stiffness rather than global flow parameters.
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FIGURE 5. Energy spectra for the Taylor-Green vortex at Re = 10° (left) and
Re = 10° (right) at times ¢ = 3.0, 4.0,4.5,5.0. Both panels show k~%/3 inertial range
scaling and clean exponential decay at high wavenumbers. The spectral evolution
is nearly identical across three orders of magnitude in Reynolds number, confirming
Reynolds-invariant cascade dynamics.
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FIGURE 6. Taylor-Green vortex at Re = 10° on 1282 grid: resolution ratio R = 0.25
(DNS-Coarse), Top: z = 7 slice showing symmetry breaking and cascade develop-
ment. Bottom: y = 7 slice capturing sheet rollup into coherent vortex tubes through
the t ~ 4.5 stretching cascade. Energy-containing large-scale structures are resolved
with precision; fine-scale enstrophy cascade is truncated. Standard DNS requires
5123-10243 grids [3, 10]; here computed via temporal lifting on a consumer laptop.
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FIGURE 7. Taylor-Green vortex at Re = 108, N = 2562, ¢t = 4.51. XZ slice at
y = 7 showing velocity magnitude (left) and vorticity magnitude (right) during
peak vortex stretching. Bottom panels overlay vorticity contours on velocity fields.
Funnel-shaped vortex cores form where sheets roll up into tubes. DNS-Coarse regime
(R = 0.016); computed via iDNS on consumer hardware.

5. CONCLUSION

We have introduced iDNS, an adaptive integration framework based on temporal lifting, formu-
lated as a diffeomorphic reparameterization of time that redistributes sampling density according to
solution stiffness. Unlike conventional adaptive stepsize schemes, the method modifies the temporal
parameterization itself rather than reacting to local error estimates, enabling stable integration of
highly stiff dynamical systems without altering the governing equations.

Applied to the incompressible Navier—Stokes equations, iDNS yields stable integration across
five orders of magnitude in Reynolds number using fixed controller parameters. Validation against
established benchmarks shows that temporal lifting introduces no artificial dissipation: the dissi-
pation ratio R. remains equal to unity within numerical tolerance when the dissipation scale is
resolved and behaves consistently with exact Galerkin dynamics in under-resolved (DNS-Coarse)
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regimes. In particular, benchmark Taylor—Green results at Re = 1600 are reproduced with correct
dissipation balance at substantially reduced computational cost.

The method is neither a subgrid-scale model nor an implicit large-eddy simulation. It solves
the truncated Galerkin system exactly and preserves the dynamics of all retained modes without
numerical damping. Differences observed in DNS-Coarse statistics arise from the absence of trun-
cated small-scale modes rather than numerical error, distinguishing the approach from LES and
SGS methods that replace unresolved dynamics with modeled or numerical dissipation.

These results indicate that numerical failure near peak vortex stretching reflects insufficient
temporal resolution rather than incipient singular behavior. By restoring resolution through a
bounded and smooth temporal reparameterization, iDNS stabilizes integration without increasing
spatial degrees of freedom or modifying the equations. More generally, temporal lifting provides a
systematic mechanism for stabilizing stiff ordinary differential equation systems arising from partial
differential equation discretizations and multiscale dynamical models.
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APPENDIX A. TWO-DIMENSIONAL SIGMOID CONTROLLER FOR KOLMOGOROV FLOW

The following algorithm extends iDNS to two-dimensional forced turbulence. Ensures ¢’ stays
smooth and positive, keeps 7 — t a diffeomorphism, prevents NaN drift. Dual-scaling: large ¢/ =
slow trajectory traversal, dense sampling.

1: Input: initial vorticity wo, viscosity v, forcing parameters (F,ky), grid size N
2: Compute Wy = Flwol; set t + 0, 7+ 0, ¢’ + 1

while t < T,,q do

1. Stiffness Sensor

w

4: if mode = idns then
5: w <+ F & > Recover physical vorticity field
6: Woo < [Jw|oo > Peak vorticity magnitude
7 Sspec /D [k |wr|? > Palinstrophy surrogate — spectral gradient norm
8: s = 0.6 - min(1, wss/20) + 0.4 - min(1, Sspec/10) > Composite stiffness score
9: o+ 0.03 + T exp(40..59(7s ~0.55)) > Sigmoid controller (bounded, smooth)
10: o+ 1/c > Temporal lift factor
11: else
12: o 1 > No temporal lifting (baseline mode)
13: end if

2. RK4 Update in Lifted Time
14: At +— O AT > Effective physical timestep
15: ki + N(©) > Lifted ODE: 0w = ¢'N(w), implemented via At = @' AT

16: ko N(LZ) + %kl)
17: k3 < N((ZJ + %k‘z)
18: k4 <—N(@+Atk‘3)

At
19: W+ F(kl + 2ko + 2k3 + ky) > Standard RK/ integration
3. Advance Clocks
20: t+t+ QAT > Physical time advances by scaled step
21: T T+ AT > Computational time uniform

22: end while
4. Diagnostics
23: Store E(t), Z(t), woo(t), ¢'(T)
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